We present another expression to regularize the Euler product representation of the Riemann zeta function. The expression itself is essentially same as the usual Euler product that is the infinite product, but we define a new one as the limit of the product of some terms derived from the usual Euler product. We also refer to the relation between the Bernoulli number and P (z), which is an infinite summation of a z power of the inverse primes. When we apply the same technique to the L-function associated to an elliptic curve, we can evaluate the power of the Taylor expansion for the function even in the critical strip, which is deeply related to problems known as the Birch and Swinnerton-Dyer conjecture and the Beilinson conjecture.
Introduction
In the situation of successful applications to the physics, the zeta function have been used for convenient regularizations for divergent calculations in the physics. In the previous work [1] , we developed a regularization for the Euler product representation by way of the expansion of the logarithm of the zeta function but not using Möbius function like the ArtinHasse exponential [2] . This was an effort to search the regularized expression for the Euler product of the zeta function in the critical strip 0 < ℜz < 1, whereas the usual definition of the Riemann zeta function is
for ℜz > 1, where the right hand side is the Euler product representation and p n is the n-th prime number. In this paper, we continue to deal with the Euler product of the zeta function to well-define even in the critical strip 0 < ℜz < 1, such as the alternating summation in the case of the summation definition:
where we adopt a hat notation as inζ(z) for the regularized functions, which is well defined even in the critical strip 0 < ℜz < 1. In the same way as the previous paper, we are only interested in the region ℜz ≥ 1 2 for the Riemann zeta function, because the functional equation ensures us that the regularized nature of the zeta function for the other half plane ℜz < . In order to get the regularized expression of the Euler product for the Riemann zeta function, we consider another expression defined by the limit of some expressions in section 2. In section 3, we argue a relation between the Bernoulli number and
When we develop same technique for regularized expression applied to the Euler product for the L-function associated to an elliptic curve, we can get the Taylor expansion at the pole in critical strip which is deeply related to the Birch and Swinnerton-Dyer (BSD) conjecture and the Beilinson conjecture. So in §4 we discuss the BSD and the Beilinson conjecture and concluding remarks.
Another expression for the Euler product representation
When we think about the Euler's alternating serieŝ
for the Riemann zeta function, we can evaluate the function for the valuable z even in the critical strip 0 < ℜz < 1 as well as 1 < ℜz. We search for a similar expression for the Euler product of the Riemann zeta function in this section.
In the same way as the previous work [4] , here we define the n-term summation or product which converges to the Riemann zeta function in the limit of n → ∞,
and
for ℜz > 1. For the hat notation, we write well-regularized zeta function even in the critical strip 0 < ℜz < 1 asζ
where
The relation between ζ Σ n (z) and ζ Π n (z) was also discussed in the previous work [4] and we evaluate as
where σ n (z) becomes zero for n → ∞. We can easily find an expression of ξ(z) using these two equations above as
where we have used the fact that lim
Each zero is the solution forζ(z) = 0 in the region of ξ(z) = 0 for |z| > 0 because of the last line in Eq. (9) . Each solution forζ n (z) = 0 is also the solution ρ for ξ 2n (z) = 0 for ζ Π n (z) = 0. So the condition for ρ is
and for z = ρ, namely ξ 2n (z) = 0, the relation
is satisfied, where ζ
Under the Riemann hypothesis, we get
and we add this equation and the other given by substituting 1 − ρ for ρ, we get finally
In order to refer to the condition of the zeros on the critical line for the Riemann hypothesis, we introduce the ratio f n (z) of two products as
where we made use of Eq. (9). The distinctive features of f n (z) for the Euler product are 1. We get a finite expression of the Euler product for |z| < 1, whereas the usual one diverges in the critical strip.
2. We can decide the value of regularized zeta function itself.
3. We cat get the expression ofζ n (z) by way of f n (z). Thus it can be regarded the condition f n (z) = 0 of regularized quantities as the Euler product expression for ζ n (z).
After all, we conclude that
Thanks to these expressions, we have become to be able to evaluate a limit of finite series in the Euler product compared with the previous work [3] , in which we regularized infinite amounts by way of the dipole limitation method.
The Bernoulli number and the regularized Euler product representation
As is stated in the previous paper, [1] we can transform the zeta function to followings by taking logarithms of Eq. (1):
where we have used P (z) = and it can be shown that the infinite sums after the forth term converges by using the formula
with the Euler constant γ. Thus we express only the first term P (z) as the term for a regularization and the expression for P (z) for ℜz > 1 can be got by adding or subtracting a term of 1 p log ζ( p z),
where a coefficient of
A regularization of P (z) in the region of 1 2 < ℜz < 1 is also performed in the previous work [4, 1] where we have introduced
, and we define the term
which is finite in the limit of n → ∞. The conclusions we have got are
For getting an expression R n (z) in Eq.(25), we have evaluated P n (z) = < ℜz < 1,P (z) is finite andζ(z) = −e {P (z)+R(z)} cannot vanish in this strip. We focus on the relation between the Bernoulli number and P (z) from now on. We put down the relation 
where H(z) = 2Γ(1 − z)(2π) z−1 sin πz 2 , and the residue r n (z) converges to zero in the limit of n → ∞. Taking this limit in Eq.(29)
namely we get
We can write down the relations using Eqs.(21),(27) and (31)
where [· · · ]
DC means that a regularization [3] is performed inside the parentheses and B k 's are also called the Bernoulli numbers whose values are B 1 = and so on. Here we present the formula for the Riemann zeta function by way of b(z) given byζ
Some terms of n-th term for b(z) defined in Eq.(28) are
and a general 2n-th term of b(z) is
where g n (z)'s are given by
As we factorized trivial zeros out from b 2n (z), solutions of the limit of the regularized [g 2n (z)] DC = 0, namely zeros of lim n→∞ĝ2n (z) = 0 should be identical to non-trivial zeros of the Riemann zeta function, which means that we could get an Hadamard expression of the Riemann zeta function by way of the Bernoulli numbers and same of the L-functions.
The reason why we can get the relations stated in this section without the Möbius function is deeply related to an expression using by primes like Eq.(22). When we assume the expression
is absolute convergent, we get the expression for g(x) by way of f (x) and primes as
where we suppress the residue as we like taking a sufficient large prime p M (p 1 < p 2 < · · · < p M ). In this way we have got Eq.(22), where we can get the relation by putting z = 0
So this formula is well defined even in z = 0 which should be compared withP (0) = 0. Some other values for P (z) of an integer z are got by Eq.(34) like P (−1) = − log 2, P (−3) = − log 4.
The BSD conjecture and the Beilinson conjecture
The BSD conjecture [7] [8] claims that the rank of the abelian group of rational points on an elliptic curve E E :
is equals to the order of zero of the associated L-function
at z = 1 and that the equation (41) has infinite rational roots and L(E, 1) = 0 are identical. This conjecture leads to the theorem [9] [10] that Eq.(41) has finite rational roots in case of L(E, 1) = 0 and that Eq.(41) has infinite rational roots in case that L(E, z) = 0 has the order-one zero at z = 1. When we apply the regularization for the Euler product developed in the previous section to the L-function associated to an elliptic curve, (in which the Riemann hypothesis holds [4] ,) the BSD conjecture can be taken into account.
As is mentioned in the previous work [1] , the case of L(E, 1) = 0 is followed by the regularization of the Euler product and L ′ (E, 1) = 0 in case of L(E, 1) = 0 is satisfied by the generalized Riemann hypothesis. Here we express the coefficients numerically of the Taylor expansion of the Riemann zeta function at z = 1, which is deeply related to the Beilinson conjecture.
When we expand the Riemann zeta function around z = 1, it gives
where the coefficients γ n are refered to as the Stieltjes constants given by
and γ 0 is known as the Euler constant γ. We introduce the function Z(n) which is the summation the negative integer powers of such zeros by
where ρ k is the k-th nontrivial zero of ζ(z) and ρ k = 1 2 ± iλ j under the condition of the Riemann hypothesis [3, 4] which proof is given in Appendix.
Such summations can be represented by the Stieltjes constants γ n as
Using these relations above, we can solve γ n by way of Z(n + 1) and γ k where k < n as We know about some examples which show the relation between specials of the zeta function and the generalized Bernoulli numbers as 
where S = {(a, b, c) ∈ (F × p ) 3 ; ab + bc + ca = 0}, ψ is the index of quadratic residue, p is a prime satisfying p ≡ 3 mod 4 and ζ = e 2πi/p . And some are equalities got by the comparison between the trace formula and the Riemann-Roch theorem for the automorphic form, where generalized Bernoulli numbers often appear. We also know that the Dirichlet L-function on the integer can be represented by the generalized Bernoulli number, which is defined by generating function as 
Another example of the L-function L(E, z) associated with an elliptic curve is also written by
where Reg(E) is the height pairing, T am v is a local Tamagawa number and Ω is the period of E.
